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1 Introduction 

Let (M",(yf) be a compact, connected, n- dimensional Riemannian manifold, n > 3, 
and let the Ricci tensor and scalar curvature be denoted by Ric and R, respectively. 
For a symmetric tensor A, we let det(y4) denote the determinant of A, that is, the 
product of the eigenvalues of A. 

Theorem 1.1. Assume that {M^\g) has negative Ricci curvature. Then there exists 
a unique conformal metric g = e^'^g with negative Ricci curvature satisfying 

<iei{RiCg) = constant. (1.1) 

By results of jH], 0, and [12], every compact manifold of dimension n > 3 admits 
a metric with negative Ricci curvature. Therefore we have 

Corollary 1.1. Every smooth compact n-manifold, n > 3, admits a Riemannian 
metric with Ric < and 

det(i?ic) = constant. (1.2) 

This theorem may be viewed as a Monge-Ampere version of a theorem of Aubin 
for the scalar curvature (p[j). Theorem II. II is a special case of a more general theorem 
involving symmetric functions of eigenvalues of Ric, which we describe next. Let A 
be a symmetric n x n matrix, and let (Tk{A) denote the kth elementary symmetric of 
A. 

Definition 1. Let (Ai, . . . , A„,) G R" . We view the elementary symmetric functions 
as functions on R" 

o"fc(Ai, . . . , A„) = Aj^-'-Ajj., 

h<---<ik 

and we define 

= component of {(7^ > 0} containing the positive cone. 

We also define = — F^. 
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For a symmetric linear transformation A : V V, where V is an n-dimensional 
inner product space, the notation A G will mean that the eigenvalues of A lie in 
the corresponding set. We note that this notation also makes sense for a symmetric 
tensor on a Riemannian manifold. If A G F^, let al^'^lA) = {ak{A)Y'^'' , and if 
AGF,-,let al/'{A) = -\a,{A)\yK 

Let t G R, and define 



^* = ^ R^c - -Rg . (1.3) 

n — 2 \ 2[n — 1) J 

Note that for t = 1, is the classical Schouten tensor (|7j). 
The following is our main theorem. 

Theorem 1.2. Assume that A* G F^ for some t < 1, and let f{x) < be any smooth 
function on M". Then there exists a unique conformal metric g = e^^g satisfying 

(4) = /(^)- (1-4) 

Note that we take the elementary symmetric function with respect to the metric 
g. As noted previously in [T^, the estimate does not work for t = 1, which is why 
we must make the restriction t < 1. Also, for t > 1, the equation is not necessarily 
elliptic, therefore t = 1 is critical for several reasons. It is an interesting problem to 
investigate the limiting behaviour of the solutions in Theorem 11.21 as t ^ 1. 

We next write this curvature equation as a partial differential equation. We have 
the following formula for the transformation of A* under a conformal change of metric 
~g = e^^g: 

1 — t 2 — t 
A^ = A^ - V^w ^(Aw)5' + dw®dw —\Vw\'^g. (1.5) 

Since A^ = A^ + ^^tr{A^)g, this formula follows easily from the standard formula 
for the transformation of the Schouten tensor (see |18j): 

A^ =A^ - V^w + dw0dw- {l/2)\Vw\^g. (1.6) 

From p.5|) . we may write p.4|) with respect to the background metric g 



a 



(^V^w + ^—^{Aw)g + 1^\Vw\^g - dw ® dw - A'}j = -f{x)e^'" > 0. (1.7) 

In the following sections we will derive a priori estimates for solutions of p.7|) . 
culminating in the existence proof in Section IHl In Section [71 we make some remarks 
on the positive curvature case. 

We also point out that the Hessian equation 

al^\V^w + S) = ^{x,w) (1.8) 

where S* is a symmetric tensor was considered in [H]. For a general existence 
theorem, one must assume that the background metric has non-negative sectional 
curvature. We emphasize that, because of special properties of ()1.7|) . we do not need 
such an assumption. 
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2 Ellipticity 

In this section we will discuss the ellipticity properties of equation ()1.7|1 . 

Definition 2. Let A : V —>■ V be a symmetric linear transformation, where V is an 
n- dimensional inner product space. For < q < n, the qth Newton transformation 
associated with A is 

T,iA) = agiA) ■ I - ■A + --- + 

Several useful identities involving the Newton tranformation and elementary sym- 
metric polynomials were derived in jTTj. First, if A* are the components of A with 
respect to some basis of V, then 



1 
Q 

rll...lql 

summation convention. Also 



T,(^) = ZiSn:ZK--<- (2-1) 
Here ^j-^ j-^j is the generalized Kronecker delta symbol, and we are using the Einstein 



M^ = ll^n:2K---^- (2-2) 

We note that if A : R ^ Hom(V, V), then 

|a,(A(t)) = n^i{A{t)))^^Ait)i = n.Mit)rjA{t).^, (2.3) 

that is, the {k — l)-Newton transformation is what we get when we differentiate Ufc. 
We also note the identities 

n_MtA = kcj,{A), 

trTk-M) = Tk-M)l = {n-k + l)ak{A). 

The following Proposition describes some important properties of the cones F^, and 
their relation to the Newton transformations: 

Proposition 2.1. (i) Each set F^ is an open convex cone with vertex at the origin, 
and we have the following sequence of inclusions 

F+cF+_iC---CF+. 
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(a) If the eigenvalues of A are inT^ (resp., T^j, thenTk-i is positive (resp., negative) 
definite. 

(Hi) For symmetric linear transformations A E , B E , and t G [0, 1], we have 
the following inequality 

{a,((l - t)A + > (1 - t){a,{A)Y/^ + t{a,{B)Y'K (2.5) 

Proof. The proof of this proposition is standard, and may be found in ^ and pi|. □ 

Note that the inequahty ()2.5j) states that is a concave function in F^. This 
will be essential in proving the and C^'^ estimates in later sections. 

Proposition 2.2. If w is a solution of d j. 7| ) with A* G for some t <\, then 
V^w G Ft, where 



k ' 

1-t . 2-t, 



V^w = V^w + - — -(Aw)g + - — -\Vw\^g - dw ® dw - A* 



Proof. Since M is compact, at a minimum of the solution w we have 

a]J' {vMp) + l^Aw{p)g - = -/(p)e2-(^) > 0, 

with V^w(p) positive semidefinite, and therefore 'W'^w{p) + j^Aw{p)g > 0. From 
Proposition 12. we conclude that V^w(p) G F^. Since the cones are connected, by 
continuity we have V^w G F^. □ 

Proposition 2.3. If A^^ G F^T for some t < 1, then equation p.7p is elliptic at any 
solution. 

Proof. We define 

Ft[w, Vw, V^w] = crk(v^w + ^ — ^^{Aw)g + '^^^\Vw\^g - dw ® dw - A* j 

so that solutions of ()1.7|) are exactly the zeroes of Ft. We then suppose that w G 
C^(M) satisfies Ft[w, Vw, V^w] = 0. Define Wg = w + sip, then 



ds 



ds 

From ()2.3|1 . we have 



s=0 



(2.6) 



s=0 



^^(a,(VV)) ^ = Tfc_i(V2w),,(VV):, 



s=0 
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where 



We compute 



(v^^.)' = ^ (vV) 



(y^Ws)' = VV + ^ — ^2^^^)9 + (2 - t){dw, dip)g - 2dw (g) d<^. 

Therefore, 

+ (2 - t) {dw, dip)g,j - 2w,(pj^ . (2.7) 
For the second term on the RHS of ()2.6p we have 

±{\f(xte''^^) =2fc|/(x)|V^V (2.8) 

CIS s=0 

Combining ()2.7p and ()2.8|) . we conclude 

£*(y.) = r,_i(V2«;).,(V.V,-y^ + ^A<^^?,,) - 2A;|/(x)|*^e2*^"'<^ + ■ ■ ■ (2.9) 
where + ■ ■ ■ denotes additional terms which are linear in V(p. Defining 

{Qk-i)ij = (Tk^i)ij H -{Tk-i)ii6ij, (2-10) 

we have 

= Qk-i{^'wU\/,V,ip) - 2fc|/(x)| V="'<^ + • • ■ (2.11) 

By Propositions 12. II and 12.21 Qk-i{'^'^w)ij > 0, so is elliptic. □ 

Since the coefficient of (p in the zeroth-order term of ()2.1H1 is strictly negative, we 
have 

Corollary 2.1. If G for some t < 1, then at any solution of (jl.7|) . the linearized 
operator : C^'"(Af) C"'{M) is invertible. 

3 estimate 

We begin with an important property of cr^ in the cone F^. 

Lemma 3.1. Let A and B he symmetric n x n matrices. Assume that A is positive 
semi- definite, B G F^, and A + i? G F^. Then 

(yk{A + B) > ak{B). 

If A is negative semi-definite, then 

ak{A + B)<ak{B). 



Proof. Let F{t) = (Jk{tA + B) - (Tk{B) for t G [0, 1]. Note that from convexity of the 
cone r+, we have t{A + B) + {I - t)B = tA + B e r+. Using we have 

F'{t) = Tu-i{tA + BfA,,>Q, 

since Tk-i{tA + B) is positive definite from Proposition 12.11 Therefore F{t) is non- 
decreasing, and -F(O) = 0, so we have F{1) = ak{A + B) — ak{B) > 0. The negative 
case is similar. □ 

Proposition 3.1. Suppose Ag G for some t < 1. Then there exist constants 
6< < 6 depending only upon f , A^g and k, such that for any solution w{x) of ()1.7j) . 
we have 6 < w{x) < 6. 

Proof. Since is compact, at a minimum of the function w{x) we have 

with V^w(p) positive semidefinite, and therefore V^w(p) + ^^Awg{p) > 0. From 
Proposition 12.21 and Lemma f3. II we have 

and certainly we can choose 6 such that 

w(X) > w(p) > m —^^ > m mm —-^^ > o. 

V -fip) J -fix) J ~ 

Similarly, if the maximum of w{x) is at g G A^, we can choose 6 such that 

w[X) < wiq) < m — < m max —^^ < o. 

' -f{q) J \-6^ -fix) J 

□ 



4 C estimate 

Proposition 4.1. Let w be a solution of for some t < 1, satisfying 6<w< 
S. Then ||Vw||loo < C2, where C2 depends only upon 6, S, g,t. 

We consider the following function 




where : R ^ R is a function of the form 

=CI{C2 + Sy. 
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The constants ci, C2, and p will be chosen later. We will estimate the maximum value 
of the function h, and this will give us the gradient estimate. 

Since N is compact, and h is continuous, we suppose the maximum of h occurs 
and a point p E N. We take a normal coordinate system (x^, . . . , x") at p. Then 
we have gij{p) = Sij, and r*;.(p) = 0, where g = gijdx^dx\ and F*^ is the Christoffel 
symbol (see 0). 

Locally, we may write h as 

h= (^1 + ^g^'^wiw^^ e'^("') = ve'l'^'"\ 
In a neighborhood of p, differentiating h in the direction we have 

d^h = K = U,{g''^wiw^)e't'^^^ + t;e*("'V'(^)tf^ 

= ^9, w;w„e^('") + ^?''"9,K)^me'^("') + ve*^^^'{w)wi (4.1) 

Since in a normal coordinate system, the first derivatives of the metric vanish at p, 
and since p is a maximum for /i, evaluating ()4.1|) at p, we have 

wiiWi = -v(f)'{w)wi. (4.2) 

Next we differentiate ()4.H) in the direction. Since p is a maximum, djdih = hij is 
negative semidefinite, and we get (at p) 

> = Ujd.g'^^wiWme^^^^ + wujWie'*'^^^ + wimje^^""^ + wuWie^^^^(t>'{nj)w, 

+ Wje'^("'V(^)wi + ve^'^'"\(P\w)fwiWj + t;e'^("'V"(w)w^iWi + we'^("'V(u^)tfii 
Next we note that Vj = wijWi, and using (j4.2j) . we have 

> = ^d.d.g'^wiw^e^'^^^ + wu.wie'f'^^^ + wuWije'^'-'"^ 
+ (0"(w) - (P\wf)ve^^'"^WiWj + ve'l'^'"^(l)'{w)wij. 
We recall from Section |21 that 

= + l^TiAv (4-3) 

is positive definite, where Tij means T,fc_i(V^w)ij. 

So we divide by ve'^'^'^\ sum with Q\p and we have the inequality 

> ^Q^did.g'^^wiWm + -Q%wujWi + {(t)"{w) - <P\wf)Q%WiWj + <P'{w)Q%Wij, 

(4.4) 

since wuWij is positive semidefinite. 
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We will use equation p.7|) to replace the Wij term with lower order terms, and 
then differentiate equation ()1.7p in order to replace the Wuj term with lower order 
terms. With respect to our local coordinate system, from ()1.5|1 we have 

V^Wij = - Alj + Wij - WrT'^j + ^ _ ^ {Wkk - WrTl^.)gij - WiWj 



2-t 

+ -^{g''''^^Wr,Wr^)gij. (4.5) 



At the point p, this simplifies to 

1 — t 2 — t 
V^Wij = -Alj + Wij + ^ _ ^ iwkk)gij - WiWj H ^(1 V^n^ij. (4.6) 

We write equation ()1.7p in our local coordinate system 

Note that the g''^ term is present since we need to raise an index on the tensor before 
we apply ak- From ()4.6|1 . we have at p, 

QljWij = Tij (v^Wij + Alj - ^—^{Aw)gij + WiWj - ^^"(1^^'^)'^*^ 

1 . nr. 

+ -AwTa 

n — 2 

= fij (v^w^j + + w^Wj - '^^{\Vw\^)5ij 

From the identities in ()2.4|1 . we have 

fij{V'^w)ij = kakiy'^w). 
Therefore, using equation ()4.7|1 . we have 

Q%Wij = kauiy^w) + fij (^A% + WiWj - '^^{\Vw\^)5i^ 

= k\f{x)\e^^- + fij (^A% + w,w, - '^-^{\Vw\^)5,)j . (4.8) 

Next we take m with 1 < m < n, and apply dm to ()4.7|) 

dm {akig'^V^Wi,)] = 9™(|/(x)|e2^-). (4.9) 
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For the left side we have 

1 -t 
n-2 



Til I dmg^^V'^Wij + g^^dml - + Wij - WrT^j + - — -{wkk - WrTl^)gi 



Wi^i + -ir-ig''^''^1^riWr2)gij 



= Til l^mg^^^'^Wij +5''^! - dmAlj + Wijm - WrmTlj - WrOmTij 

+ ^ t {Wkkra - WrrrXlf. - WrdrrXlk)gij + ^ _\ {^kk " WrTl^)dmgij " ^WimWj 

2 — t f \ 

H :^\{dmg''^''^)Wr^Wr2gij + 2g''^''^Wr^rnWr2gij + g''^''^ WriWr^dmgijj 

Evaluating this expression at p, we have 



dm {<yk{g^^'^'^Wij)] = Tij I - dmAlj + Wijm " Wrdm^lj H —{Wkkm " WrdmTl,,)gij 



- 2wimWj + (2 - t){wimWi)gij j . (4.10) 

For the right hand side of ()4.9p we have 

dm {\f{x)\e''^) = dm\f{x)\e''^ + 2k\f{x)\e''^Wm. (4.11) 
We have obtained the expansion of ()4.9|) : 



Tij I dmA^j + Wijm Wj.dm^ij + ~{Wkkm ~ W^dm^ kk)^ij 



(4.12) 



- 2w,mW, - (2 - t)v<P\w)Wm5ij ) = {dm\ f {x)\) ^""^ + 2k\ f {x)\^^^ W , 



Note that the third order terms in the above expression are 

l-t 
n-2 

Next we sum ()4.12j) with Wm-, using ()4.2jl we have the following formula 



Tij I Wijm ~l~ ^Wkkm^ij 1 Q ijWijm- 



QijWmWijm ~\~ Tij ^ Wmdm-A^j Wm^r-dm^ij ^ ^^iWrWmdm^ kk)^ij 



+ 2v(l)\w)wiWj — (2 — t)v(j)' {w)\Ww\^5ij 



Wm{dmf{x))e^^'" + 2A;|/(x)|e2'=-|Vw;|2. 



(4.13) 



Substituting ()4.8|) and ()4.13|) into ()4.4|) . we arrive at the inequality 



I - ( . 1 —t 

V \ n — 2 



+ (2 - t)v<P'iw)\Vw\%,j +^(wUdm\f{xW'" + 2k\fix)\e''''"\Vwf 
Recalling that Q\j = fij + ^fu5ij, we have 



> (^0"(u;) - (p\w f - (j)\w)^TijWiWj 



2 — t 

+ v^'{w)Al. + ^—v(j)'{w)\Vw\^5^ 
■' 2 



+ \{w^{dmf{x))e^'''" + 2k\f{x)\e^^'"\Vw\^) + (^'{w) {k\f{x)\e^^'") . (4.14) 
Lemma 4.1. yli m normal coordinates, we have 

"^{didjg^"" + 2diT'^)uiUm = 2 ^ RujmUiUm, 

l,Tn l,m 

where Rujm ore the components of the Riemann curvature tensor of g. 
Proof. For the proof, see ^H|- CH 
Using the lemma, and collecting terms in ()4.14j) . we arrive at 



+ Tij -Rkikm dij + Riljm \ -{(p [w) - (p {w) )\Vw\ gij 

^ n — 2 V V n — 2 



+ l[w^{d^f{x))e^^'^ + 2k\f{x)\e^'-\Vw\'') + 0'H (A;|/(x)|e^'^'") . (4.15) 
Now we will choose 0(s). 
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Lemma 4.2. Assume that S < s < 6. Then we may choose constants ci,C2, and p 
depending only upon 6_, and 6. so that = Ci(c2 + s)^ satisfies 

0'(s) > 0, (4.16) 

and 

- - > 0. (4.17) 

Proof. We have 

(j)'{s)=pC,{c2 + sy-\ 

and 

0"(s)=p(j9-l)Ci(c2 + s)^'-2. 

To satisfy ()4.16|) we need Ci > 0, p > 0, and C2 + s > 0. So choose C2 > S. Next we 
have 

0"(S) - </.'(s)2 - (j)'{s) = p{p - 1)C1(C2 + Sf-'' - (PC1(C2 + S)P-1)2 - PC1(C2 + 5)^'"^ 

= PCi(c2 + S)*'-^ (^(p - 1) - pci(c2 + S)^ - (C2 + S)) . 

Now choose 

1 

^ p2 . max{(c2 + s)p} ' 

and p so large that 

S<C2<-5 + p-l--. 

p 

Then we have 

- <P\sf - <P'is) > ] (C2 + sy-' (p - 1 - - - C2 - s) 

> n r^(c2 + sY-\5 - s) > 0. 

p- max{(c2 + s)p}^ 2 J K J 



□ 



With 0(s) chosen as above, for s G [S, S], we let 

ei = min{0'(s)}, 

and 

e2 = min{0"(s)-0'(s)2-0'(s)}. 
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From the inequality ()4.15p . we have 



U ^ t2lijWiWj + --tiklkm Oij + Kiljm 



+ -(^r.(9„/(x))e2'=- + 2A;|/(x)|e2'='"|V^p) +ei (A;|/(x)|e2'='") . (4.18) 



V 

If the matrix 

\n — 2 / V V ■' ■' \ 2 n — 2J 

(4.19) 

has an eigenvalue less than 1, then the gradient estimate is immediate since the last 
term dominates (^ + > 0)- Otherwise, absorbing lower order terms in ()4.18|) . 
we have 

C>t2%,WiWj + fa. (4.20) 

From ()2.4|) we obtain 

(^k-i < c. 

Proposition 4.2. Let k > 2, and A G be a symmetric linear transformation. If 
< Ci < <7k{A), and ak-i{A) < C2, then we have a bound on the eigenvalues of A, 
that is, \X{A)\ < C, where C depends only on Ci and c^- 

Proof. The proof may be found in JH]- CH 
Using this result, ii k > 2, we see that 

|A| < C, 

and since T^^i is positive definite, this implies (see |15j ) 

T-_, >i>0, for« = l...n. 
Equation (|4.2U|) then implies that 

|V?i;p < C. 

Note that in the case /c = 1, we do not require the proposition since Tq = and 
therefore ()4.2()|1 gives the gradient bound. 
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5 estimate 

Proposition 5.1. Let w he aC^ solution of ji. 7| ) for some t < 1 satisfying 5_ < w < S, 
and ||Vw||l°= < Ci. Then \\V^w\\loo < C2, where C2 depends only upon 6,6,Ci, g,t. 

Let S{TN) denote the unit tangent bundle of A^, and we consider tlie following 
function h : s{tN) ^ R, 

h{ep) = {V'^w + A\\/w\'^g){ep,ep), 

where A is a constant to be chosen later. Since S{TN) is compact, let h have a 
maximum at the vector e^. We use normal coordinates at p, and by rotating, assume 
that the tensor is diagonal at p, and without loss of generality, we may assume that 
ip = d/dx^, and that V^w is diagonal at p. 

We let h denote the function defined in a neighborhood of p 

h{x) = {V^w + A\Vw\'^g){d/dx\d/dx^) 

= wn - T[^wi + A|Vw|^ 

Differentiating in the ith coordinate direction, we obtain 

hi = wui - diT[^wi - T[^wii + Kdig^^WkWi + 2Kg^\diWk)wi. (5.1) 

The function h{x) has a maximum at p, so evaluating (jS.ip at p, we obtain 

Win = diT[^ui + 2AwikWk. (5.2) 

Next we differentiate (j5.1|) in the x^ direction. Since p is a maximum, djdih = hij is 
negative semidefinite, and we get (at p) 

> Wij = wuij - didjr[^wi - dir[^wij - djr[^uii 
+ kdjdtg^^WkWi + 2AwikjWk + 2AwikWkj. 

We again recall from Section El that 

Qlj = fi, + ^TuS.j, (5.3) 

is positive definite, where Tij means Tk-i(V'^w)ij. We sum with Q*^ and we have the 
inequality 

>QljWiuj - Qljdidjr[,wi - 2QljdiT[,wij + 2AQ\^djdig''Wwi 
+ 2AQljWikWkj + 2AQljWijkWk 

We will use ()4.10p to replace the last term, and we will differentiate equation ()1.7|) 
twice to replace the first term. 
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Using ()4.im) and ()4.11|) . we have at p, 

Tij ( - dmA\j - WrdmTlj - ^^—^{WrOmTl^) Qij - 2WimWj + (2 - t){wi^Wl)gij j 



The next step is to rewrite the second derivative terms in terms of V'^w. To further 
simphfy notation, we let Wij = (V^ty),^. We have 



l-t . . 2-t 



Wij = Wij 



Aw6ij 7^\Vw\'Sij + w,Wj + {A\)ij. (5.6) 



n-2 ' 2 



Since we are in the cone F^, the trace is positive by Proposition 12.11 and since wn is 
the largest eigenvalue, we have 

\wii\ < {n — l)wii, i = l...n. (5.7) 

Using ()5.6|) and (j5.7|) . we may estimate ()5.5|) 

QljWi,n,w^ >C + Cj2Tii + Cwu J2 (5-8) 

i i 

Inequality ()5.4|) may then be rewritten as 

>Ql,Wmj + C + CJ2Tu + Cwn J2 ^n- + ^"^^^"^^ ^11 Yl 



n-2 

i i 

We recall that the equation is 



(5.9) 



To simplify notation, write a = o\!^ . Differentiating once in the direction, we have 

|^(5i(V^u;)}) = -/le^- - 2f^-w^. 
Differentiating twice, we obtain 

cPtt \ — — f)rT — 

{d,{V'wyj{d,{V'w))) + --{dMV'w)]) 



drijdrim^ " ^ dvij 



= -fne'^ - Ahe'^w, - Afe'-wi - 2fe'-w,,. 

Since a]J^ is concave in F^, we have the inequality 

ft,{d,d,{y^w)]) > {-f{x)e'-)'-\-fue'^ - 4f,e'^w, - Afe^^wl - 2fe^^w,,). 

(5.10) 
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Using our assumptions, we have 

rl^l^didiiV^wYj) >C + Cwn. (5.11) 
We differentiate ()4.5j) twice, and evaluate at p to obtain 



1 —t 1 — t 
H -^{wkkiijgij H ^Wkkdidi{gij) 

1 - 1 



n-2 
2-t 



didig^^'^'^WriWr^Sij + 2{WrllWr + WrlWrl)5ij + | Vw | ^(9i(9i (^f- 



2 

From ()5.2|1 we can replace terms of the form wni and we have 

+ _ \ wkkdidi{gij) - ^ _^ {2wridiTlf^ + WrdidiTl,}) + AKwikWkWj - 2wiiWji 

+ '^^^{dxdig''^''^Wr^Wr^bij - AAWrmWmWrSij + 2WrlWrl)6ij + \Vw\^didi{gij)^^ 

(5.12) 

Substituting (|5.12|) in (|5.1H) . we have 

QljW,,n >C + Cwn + C ^ f^^ + Cwn J2 - (2 " ^)^ii Yl (5.13) 

i i i 

Next we substitute inequality ()5.13p into ()5.9|) and we obtain 
>C + Cwu + Cj2Tn + Cwn J2 + (^^^fz^ " - ^)) Yl (5-14) 

Since t < 1, we may choose A large to dominate the —{2 — t) term (this is the point 
where the assumption t < 1 is crucial). Choosing 

n-2 f 2-t 
A> r 1 + 



1-t V 2 
we obtain 

C + Cwn + CY, Tti + Cwn J2 Tti > 2t^n E ^^-i' (^.15) 

i i i 

Dividing by 2wli and using ()2.4p . we obtain 

fCi C2\ C C , , 

o-fc-i < — o- + ^ Pfc-i + — 2- + (5-16) 
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If 



Ci C2 1 
-J- + —A > _ 

w?i Wn 2 



then we have the necessary eigenvalue bound. So we may assume that 



Ci C2 ^ 1 
wf^ wu ~ 2 



and substitution into inequality (jS.K'ij) yields 

1 C C 

2 wfi wx\ 

Without loss of generality we may assume that W\\ > 1, and from the above inequality 
we obtain 

(^k-i < c, 

which by Proposition 14.21 vields the eigenvalue bound in the case k > 2. In the case 
k = 1, ()5.16|) already gives the eigenvalue estimate. 



6 Proof of Theorem 11.21 

In the previous sections we have demonstrated an a priori estimate for solutions 
of p.7|) . Therefore ()1.7p is uniformly elliptic with respect to any solution. It is 
straightforward to verify that ()1.7j) is a concave function of the second derivative 
variables. It follows from the work of Evans , and Krylov fSj that there exists a 
constant C such that for any solution w of (jl.7|) we have 

II W\\c^,a< C. 

For s G [0, 1], we consider the equation 

\ n-2 2 J ^Q-^^ 

= (.|/(x)| + (l-s))e2-^>0, 

where H{s) = sA^ - (1 - s){iy^^''g. Define 

S = {se [0, 1] : dnm) has a solution w' E C^'"}. 

It follows from CoroUarv 12.11 and the implicit function theorem (see ^T]) that 5* is 
open. For s = 0, we have the solution w = 0, therefore S is non-empty. Clearly, the 
estimates from the previous sections remain valid upon replacing A* by H{s), and 
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\f{x)\ by + (1 — s). Consequently there exists a constant C independent of s 

such that 

II W'\\c2,c>< C, 

which implies that S is closed. From connectedness, S = [0, 1], therefore there exists 
a solution at s = 1. 

Using the maximum principle as in Proposition 13.11 it follows that w = is the 
unique solution at s = 0. To prove uniqueness at s = 1, assume by contradiction 
that we have solutions Wi and W2 for s = 1. Then we may run the continuity method 
in reverse, starting at s = 1 and descending to s = 0. From the a priori estimates, 
we obtain 2 paths of solutions, one starting at Wi, and another starting at W2. Since 
there is a unique solution at s = 0, the paths must coincide at some s > 0. This 
contradicts local invertibility. 



7 Remarks on the positive curvature case 

In this paper, we have concentrated on the case that A* G F^, but it is also interesting 
to consider the case A* G F^. This problem was studied in |18j for t = 1, where the 
compactness was reduced to an L°° estimate. The estimate proved in this paper also 
reduce the compactness to an L°° estimate for — oo < t < 1. 

For f{x) > 0, and background metric g with A* G F^, we consider a conformal 
change of metric g = e~'^'^g. Then (ll.4|l becomes 

a]J^ [v'^w + ^^^{/\w)g - ^-^1 Vw|2^ + dw (S>dw + A'}j = f{x)e^'" > 0. (7.1) 

Note the gradient terms have a different sign now, but the estimates for higher deriva- 
tives still work. In particular, for the estimate, the only modification necessary is 
the following variant of Lemma 14.21 

Lemma 7.1. Assume that 6 < s < 6. Then we may choose constants ci,C2, and p 
depending only upon 6_, and 6. so that = Ci(c2 + sY satisfies 

<P'{s) < 0, (7.2) 

and 

ris) - <P'isY - <P'is) > 0. (7.3) 

The proof given in Section 0] then works as before for all t < 1. For the 
estimate, using the following test function 

h{ep) = (V^w + A\Vw\'^g + dw dw){ep, Cp), 

the estimate ()5.14|) becomes 

0>C + Cw,, + CY,Tu + Cwu J2 ^« + { ^^n~~2^ + " ^)) E (7-4) 
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The estimate now works for all — oo < t < 1. Note we can include the endpoint t = 1 
in the positive case. 

We conclude with an outline of some progress that has been made for t = 1 in 
the positive case. For a2 in dimension 4, the L°° estimate has been proved (if M is 
not conformally equivalent to 5*^) in Chang, Gursky and Yang (see [S]). Existence of 
solutions in the locally conformally flat case has been demonstrated in J3] and [12]. 
A sufficient condition for the estimate in the determinant case may be found in 
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